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Abstract
Principally important for the description the physical processes in the
collapsing stellar cores topics are surveyed. They are: the neutrino heat
conduction theory, equation of state under the conditions of nuclear sta-
tistical equilibrium and possible phase transitions in dense, subnuclear
and nuclear environment.
The Neutrino Heat Conduction Theory in
Collapsing Stellar Cores
The neutrino transport in collapsing stellar core:
• Determines dynamic and thermodynamic properties of implosion
such as density, temperature and lepton number at the moment of
bounce;
• Of crucial importance for possible conversion of stalled shock into
an outgoing blast wave.
• The major part of neutrino flux is radiated from neutrinosphere in
the regime of neutrino opacity. The flux is controlled by neutrino
diffusion in the neutrino-opaque core and can be well described by
the Neutrino Heat Conduction (NHC) theory.
The equations of neutrino hydrodynamics
In the spherically symmetric case, the standard expression for the en-
ergy–momentum tensor [1] of a system that consists of matter and radia-
tion leads to the following equations of neutrino hydrodynamics:
du
dt
= −
1
ρ
∂P
∂r
−
Gm
r2
−
1
ρ
Mν , (1)
dE
dt
+ P
d
dt
(
1
ρ
)
=
1
ρ
(uMν − Eν) , (2)
∂ρ
∂t
+
1
r2
∂
∂r
(
r2ρu
)
= 0 , (3)
∂m
∂r
= 4pir2 ρ , (4)
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where u, ρ, P , and E are the velocity, density, pressure, and specific
energy of the matter, respectively. Equations (4) are written in the lab-
oratory (rest) frame with Newtonian gravity. The terms of order (u/c)2
and (as/c)
2 (c and as are the speeds of light and sound, respectively) were
discarded.
The terms Mν and Eν describe the momentum and energy exchange
between matter and neutrino radiation and are defined by
Mν =
1
c2
∂Sν
∂t
+
∂Kν
∂r
+
1
r
(3Kν − Uν) , (5)
Eν =
∂Uν
∂t
+
1
r2
∂
∂r
(
r2Sν
)
, (6)
where Kν , Sν , and Uν are the angular moments of the total (energy-
integrated) neutrino radiation intensity Iν :
Kν = Kν(r, t) =
2pi
c
∫ 1
−1
µ2 Iν dµ , (7)
Sν = Sν(r, t) = 2pi
∫ 1
−1
µ Iν dµ , (8)
Uν = Uν(r, t) =
2pi
c
∫ 1
−1
Iν dµ , (9)
where µ is the cosine of the angle between the neutrino propagation di-
rection and the radius vector. Physically, Kν and Sν define the neutrino-
transferred momentum and energy fluxes, while Uν is the neutrino energy
density. The total intensity Iν is an integral of the spectral intensity Iν
over the neutrino energy ων
Iν = Iν(µ, r, t) =
∫
∞
0
Iν(ων , µ, r, t) dων . (10)
The spectral intensity Iν is described by a transport equation that
should include both true neutrino absorption and scattering.
The neutrino transfer equation with scattering
In the general case, the neutrino transport equation in the laboratory
frame reads
D̂Iν = −
Iν − Iνe
l˜ν
+ B̂(Iν , Iν
′) , (11)
D̂ ≡
1
c
∂
∂t
+ µ
∂
∂r
+
1− µ2
r
∂
∂µ
. (12)
where D̂ denotes a linear differential operator that describes the neutrino
redistribution in space and Iνe is the equilibrium intensity, l˜ν is the neu-
trino mean free path with respect to the true absorption with allowance
made for the induced absorption.
The neutrino scattering is described by a nonlinear integral operator
B̂ whose explicit form is considered below (the nonlinearity appears due
to the Pauli exclusion principle). So far it is suffice for us to know that
the intensity enters B̂ both directly (Iν) and under the integral sign (Iν
′).
We can now ascertain how the quantities Eν and Mν introduced in the
previous section are expressed in terms of the intensity. First, we multiply
Eq. (11) by 2pi and integrate it over µ and ων . Then we repeat the same
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procedure after multiplication by 2piµ/c . As a result, we obtain using
Eqs. (7)–(9)
Eν = 2pi
∫
∞
0
∫ 1
−1
[
−
Iν − Iνe
l˜ν
+ B̂(Iν , Iν
′)
]
dµ dων , (13)
Mν =
2pi
c
∫
∞
0
∫ 1
−1
µ
[
−
Iν − Iνe
l˜ν
+ B̂(Iν , Iν
′)
]
dµ dων . (14)
The method of successive approximations
We will seek a solution to the transport equation by an expansion in terms
of a small parameter—the neutrino mean free path lν with respect to the
absorption and scattering (the effective mean free path relative to the
scattering is contained in the operator B̂(Iν , Iν
′)). Below, for simplicity,
we will no longer write the subscript ν. The first approximation I1 for the
intensity I can be obtained by substituting its equilibrium value Ie into
the left-hand side of Eq. (11) — into the operator D̂ I :
D̂Ie = −
I1 − Ie
l˜
+ B̂(I1, I
′
1) . (15)
Solving this integral equation for I1 and substituting the derived I1 into
the operator D̂I yields an integral equation for the second approximation
I2 :
D̂I1 = −
I2 − Ie
l˜
+ B̂(I2, I
′
2) . (16)
The NHC equations can be derived when using the right-hand side of Eq.
(16) in the integrands of Eqs. (13) and (14). However, there is no need
to solve Eq. (16), since its right-hand side is just equal to D̂I1 . Hence,
we can write
E = 2pi
∫
∞
0
∫ 1
−1
D̂I1 dµ dω , (17)
M =
2pi
c
∫
∞
0
∫ 1
−1
µD̂I1 dµ dω . (18)
A key point is the solution of Eq. (15) for I1. Let us represent I1 as
I1 = Ie + δI1 , (19)
where δI1 is a small correction to the equilibrium intensity δI1 propor-
tional to the neutrino mean free path.
To calculate the integrals on the right-hand sides of Eqs. (17) and (18),
we now must pass to a comoving frame where the matter is at rest (u = 0)
and where the mean free paths with respect to the neutrino absorption
and scattering are defined explicitly. This makes it possible to perform
the integration over µ analytically.
Passing to a comoving frame
We will denote the quantities pertaining to the comoving frame by the
subscript 0. If the terms of order (u/c)2 are disregarded, then the quan-
tities in the laboratory and comoving frames are related by
t = t0 , r = r0 ,
ω = ω0/L , µ = µ0 + (1− µ
2
0)u/c ,
(20)
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where the Lorentz factor L in our approximation is
L = 1− µu/c = 1− µ0u/c . (21)
In addition, the following transformations for the intensity, mean free
path, and scattering operator follow from the Lorentz invariance of the
transport equation [2, 3],
I = I0/L
3 , l = l0/L , B̂ = B̂0/L
2 . (22)
The equilibrium intensity in the comoving frame does not depend on
the neutrino propagation direction:
Ie0 =
ω30
c2h3
1
1 + exp
(
ω0
kT
− ψ
) , (23)
where h is the Planck constant, k is the Boltzmann constant, and ψ is the
neutrino chemical potential in units of kT . However, Ie is anisotropic in
the laboratory frame (at fixed neutrino energy ω):
Ie =
ω3
c2h3
1
1 + exp
(
Lω
kT
− ψ
) = ( ω
ω0
)3
Ie0. (24)
It is convenient to introduce a dimensionless neutrino distribution
function f that describes the degree of phase-space filling and that is
an invariant of the Lorentz transformations:
f =
c2h3
ω3
I =
c2h3
ω30
I0 . (25)
The equilibrium value of f is
fe =
1
1 + exp
(
ω0
kT
− ψ
) = 1
1 + exp
(
Lω
kT
− ψ
) . (26)
The equilibrium energy density Ue0 and pressure Ke0 in the comoving
frame are
Ue0 = 3Ke0 =
2pi
c
∫ 1
−1
I0 dµ0 =
4pi
c3h3
∫
∞
0
ω30 fe dω0
=
15aT 4
2pi4
F3(ψ) ,
(
a ≡
pi2k4
15~3c3
)
, (27)
where F3 is the Fermi–Dirac function of index 3. The equilibrium neutrino
number density ne0 can be expressed in terms of the Fermi–Dirac function
of index 2:
ne0 =
4pi
c3h3
∫
∞
0
ω20 fe dω0 =
15aT 3
2pi4k
F2(ψ) . (28)
Similar expressions for antineutrinos can be derived by substituting ψ for
−ψ.
Applying the operator D̂ to both sides of Eq. (19), we obtain
D̂I1 = D̂Ie + D̂δI1 . (29)
Now, everything is ready for the integration of D̂I1 in Eqs. (17) and
(18). In accordance with Eqs. (20)–(22), we pass from the integration
variables (µ, ω) to (µ0, ω0), given that dω = dω0/L and dµ = L
2dµ0 and
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that the limits of integration over µ and ω do not change. In addition,
we will disregard not only the small quantities of order (u/c)2, but also
the quantities of order (u/c)l ∂
∂r
, which describe the neutrino radiation
viscosity. Since δI1 has the order of smallness l
∂
∂r
, the differences between
the laboratory and comoving frames with the order of smallness u/c should
be disregarded in this approximation both when calculating δI1 and when
integrating D̂δI1.
It will be clear from the subsequent analysis that δI1 is proportional
to µ0 in the comoving frame (see also p. 71 in paper [3])
δI1 = µ0G1(ω0) , (30)
where G1 no longer depends on the neutrino propagation direction. Per-
forming the integration in Eqs. (17) and (18) by taking into account all
of these remarks, we ultimately obtain
E =
∂Ue0
∂t
+
1
r2
∂
∂r
[
r2
(
4
3
uUe0 +
4pi
3
∫
∞
0
G1 dω0
)]
, (31)
M =
∂Ke0
∂r
. (32)
In the absence of scattering,
G1(ω0) = −l˜0
∂Ie0
∂r
= −l˜0
(
∂Ie0
∂T
∂T
∂r
+
∂Ie0
∂ψ
∂ψ
∂r
)
. (33)
It is this value of G1(ω0) that was used in paper [4].
The scattering operator
Since all quantities in this section are considered in the comoving frame,
we omit the subscript 0.
In the comoving frame, the scattering operator can be written as [5,
6, 7, 8]:
B̂(I, I ′) =
∫∫ [ ω
ω′
R
(
ω′, ω, η
)
I ′(1−f)−R
(
ω,ω′, η
)
I(1−f ′)
]
dΩ′ dω′
=
ω
c2h3
∫∫ [
ω′2R
(
ω′, ω, η
)
f ′(1−f)− ω2R
(
ω,ω′, η
)
f(1−f ′)
]
dΩ′ dω′, (34)
where the scattering kernel R (ω,ω′, η) depends on three arguments: the
neutrino energies before and after the scattering (the first and second
arguments, respectively) and the cosine η of the angle between the neu-
trino momentum vectors before and after the scattering. This dependence
is determined by the microscopic properties of an elementary scattering
event.
The first term in the integrand in Eq. (34) takes into account the
contribution from the neutrinos with energy ω′ before their scattering and
those scattered in the direction м with energy щ, while the second term
describes the “knocking-out” of neutrinos with energy ω from the beam
as a result of their scattering in an arbitrary direction with a change in
energy. The integration in Eq. (34) is over the energy and solid angle
(dΩ′ = sin θ′dθ′dφ′ = dµ′dφ′) of the neutrinos before and after their
scattering in the first and second terms of the integrand, respectively.
In total thermodynamic equilibrium, I = Ie and I
′ = I ′e, the value of
B̂(I, I ′) should become zero: the number of neutrinos escaping from the
beam as a result of their scattering should be exactly equal to their number
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scattered in the beam direction (the principle of detailed balancing!). The
condition B̂(Ie, I
′
e) = 0 yields the following property of the kernel R with
respect to the interchange of its arguments ω and ω′:
R
(
ω′, ω, η
)
=
( ω
ω′
)2
e
ω
′
−ω
kT R
(
ω, ω′, η
)
. (35)
Given this expression, the scattering operator takes the form
B̂(I, I ′) =
ω3
c2h3
∫∫ [
e
ω
′
−ω
kT f ′ (1−f)− f
(
1−f ′
)]
R
(
ω,ω′, η
)
dΩ′dω′. (36)
When integrating over Ω′, it should be kept in mind that
η = µµ′ +
√
1− µ2
√
1− µ′2 cos
(
φ− φ′
)
. (37)
The mean free path ls with respect to the scattering is related to R by
l−1s =
∫∫
R
(
ω, ω′, η
)
dΩ′ dω′. (38)
Consequently, lsR (ω, ω
′, η) is the scattering indicatrix for a neutrino with
energy ω scattered with a change in energy by ω′ through the angle
arccos η with respect to the direction of its initial propagation.
If the scattering is coherent (conservative), i.e., occurs without any
change in energy (ω = ω′), as, for example, in the case of neutrino scat-
tering by nucleons and atomic nuclei, then R can be written as
R
(
ω, ω′, η
)
= Rcs(ω, η) δ(ω − ω
′) , (39)
where δ is the Dirac delta function. In this case, the expression for B̂ is
simplified significantly:
B̂(I, I ′) =
ω3
c2h3
∫ (
f ′ − f
)
Rcs(ω, η) dΩ
′ . (40)
The factors (1 − f) and (1 − f ′) in the in and out beams, respectively,
that describe the Pauli exclusion principle cancel each other out. Hence,
for coherent scattering, the Pauli exclusion principle for neutrinos may be
disregarded. Here, there is a close analogy with the compensation of the
induced emission in the case of Thomson photon scattering [9].
The form of the integral equation
Let us now turn to the transformation of the integral equation (15), which,
according to the aforesaid, should be considered in the comoving frame.
Substituting I1 from Eq. (19) into (15), we obtain for δI1
δI1 = −l˜ D̂Ie + l˜ B̂(Ie + δI1, I
′
e + δI
′
1) . (41)
Discarding the small terms of order δI21 and taking into account B̂(Ie, I
′
e) =
0, the scattering operator takes the form
B̂(Ie + δI1, I
′
e + δI
′
1) =
∫∫ (
Ie
I ′e
δI ′1 −
1− f ′e
1− fe
δI1
)
R
(
ω,ω′, η
)
dΩ′ dω′.
(42)
The time derivative in the operator D̂ in Eq. (41) leads to terms of the
order of smallness l˜ 1
c
∂
∂t
∼ l˜ u
c
∂
∂r
, which we will also disregard. Therefore,
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since Ie is isotropic, we should substitute µ
∂Ie
∂r
for D̂Ie in Eq. (41). Given
Eq. (42) for B̂, Eq. (41) can now be written as
δI1 = −µ
1
λ
∂Ie
∂r
+
1
λ
∫∫
Ie
I ′e
R
(
ω,ω′, η
)
δI ′1 dΩ
′ dω′, (43)
λ ≡ l˜−1 +
1
1− fe
∫∫ (
1− f ′e
)
R
(
ω, ω′, η
)
dΩ′ dω′.
We derived an inhomogeneous Fredholm integral equation of the second
kind for the unknown function δI1. The free term of this equation is
proportional to µ. Therefore, the solution should be proportional to µ
and can be represented by relation (30). Substituting δI = µG1(ω) and
δI ′ = µ′G1(ω
′) into Eq. (43) yields
µG1(ω) = −µ
1
λ
∂Ie
∂r
+
1
λ
∫∫
Ie
I ′e
R
(
ω, ω′, η
)
µ′G1(ω
′) dΩ′ dω′. (44)
Here, when integrating over the angle (dΩ′ = dµ′dφ′), the variables µ′
and φ′ are closely intertwined (see Eq. (37) for η), which complicates
further simplifications in the formal approach. However, we can use the
fact that the integral over the entire solid angle should not depend on the
choice of a coordinate system (for more detail, see [9]. So far we have
measured the angles in the coordinate system where the vertical axis is
directed along the radius vector and the azimuthal angle φ is counted
off in the plane perpendicular to it. Let us now direct the vertical axis
along the neutrino momentum vector before the scattering and measure
the azimuthal angle of the scattered neutrino ϕ in the plane perpendicular
to it. Then, dΩ′ = dη dϕ′. In addition, it is easy to obtain the following
expression for µ′:
µ′ = µη +
√
1− µ2
√
1− η2 cos(χ− ϕ′) , (45)
where χ is the azimuthal angle of the radius vector in the newly chosen
frame. Let us now substitute µ′ from Eq. (45) into Eq. (44). Since the
integration of the second term from Eq. (45) over ϕ′ in the range from 0
to 2pi gives zero, we obtain an integral equation for the function G1(ω) in
final form
G1(ω) = −
1
λ
∂Ie
∂r
+
2pi
λ
∫
∞
0
Ie
I ′e
∫ 1
−1
ηR
(
ω, ω′, η
)
dηG1(ω
′)dω′,(46)
λ(ω) ≡ l˜−1 +
2pi
1−fe
∫
∞
0
(
1−f ′e
)∫ 1
−1
R
(
ω, ω′, η
)
dη dω′. (47)
If all elementary scattering processes are coherent, then Eq. (46) leads
to a simple formula for G1(ω) that, given Eq. (39), can be written as
G1(ω) = −
1
l˜−1 + l−1cs (1− 〈η〉)
∂Ie
∂r
, (48)
〈η〉 = 2pilcs
∫ 1
−1
ηRcs(ω, η) dη , l
−1
cs = 2pi
∫ 1
−1
Rcs(ω, η) dη , (49)
where lcs is the neutrino mean free path with respect to coherent scattering
and 〈η〉 is the cosine of the scattering angle averaged over the scattering
indicatrix.
The scattering cross section is σcs = (lcsncs)
−1, where ncs is the num-
ber of coherently scattering particles per unit volume. Therefore, we can
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write l−1cs (1 − 〈η〉) = σ
t
csncs. The quantity σ
t
cs = σcs (1 − 〈η〉) is called a
transport cross section. In contrast to Thomson photon scattering, the
transport cross section for coherent neutrino scattering depends signifi-
cantly on the neutrino energy ω. Let us now consider the more general
case where the coherent and incoherent neutrino scattering processes are
taken into account simultaneously. Let us separate out the incoherent and
coherent parts in the scattering kernel R:
R(ω,ω′, η) = Rnc(ω, ω
′, η) +Rcs(ω, η) δ(ω − ω
′) . (50)
After the substitution of this expression into Eq. (46) and Eq. (47) and
elementary transformations, we obtain
G1(ω) = −
1
λm
∂Ie
∂r
+
1
λm
∫
∞
0
Ie
I ′e
Φ1(ω,ω
′)G1(ω
′) dω′, (51)
λm(ω) ≡ l˜
−1 + l−1cs (1− 〈η〉) +
1
1− fe
∫
∞
0
(
1− f ′e
)
Φ0(ω,ω
′) dω′, (52)
where we use the new notation
Φ0(ω,ω
′) = 2pi
∫ 1
−1
Rnc(ω,ω
′, η)dη , Φ1(ω, ω
′) = 2pi
∫ 1
−1
ηRnc(ω,ω
′, η)dη .
(53)
We see that the sought-for integral equation did not change in form. The
situation was reduced only to the replacement of λ by the modified quan-
tity λm. In the case of purely coherent scattering (Rnc = 0), we obtain
solution given by Eq. (48). Obviously, the integral equation for antineu-
trinos has exactly the same form; we only need to change the sign of the
chemical potential ψ in Ie and use the corresponding expression for the
scattering kernel R and mean free paths l.
The leptonic charge diffusion equation
The leptonic charge Λ is equal to the difference between the numbers of
leptons (electrons plus neutrinos: n−+nν) and antileptons (positrons plus
antineutrinos: n++nν) in the system and is conserved in any elementary
interactions of neutrinos and antineutrinos with matter. For the specific
leptonic charge, we have
Λ =
mu
ρ
(n− − n+ + nν − nν) , (54)
where mu is the atomic mass unit. The difference between the numbers of
electrons and positrons should satisfy the electrical neutrality condition
n− − n+ = np , (55)
where np is the total number of protons (both free ones and those bound
in atomic nuclei), which together with the number of neutrons defines
the matter density ρ = mu(np + nn). The specific numbers of protons
(munp/ρ) and neutrons (munn/ρ) per nucleon can change only through
reactions involving neutrinos and antineutrinos.
Let us consider the leptonic charge transport equation in the comoving
frame (we omit the subscript 0 as before). Clearly, the equilibrium leptonic
charge Λe can change only through a deviation of the difference nν − nν
from its equilibrium value. Therefore, the derivative dΛe/dt should be
equal to the rate of change in (nν −nνe)− (nν −nνe). However, the latter
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is defined by the right-hand sides of the neutrino and antineutrino number
transport equations, respectively. These equations can be obtained from
the neutrino energy transfer equation (11) by substituting Iν and Iν (and
their equilibrium values) for Iν/ων and Iν/ων , respectively. The trans-
formation of the righthand sides of the neutrino and antineutrino number
transport equations is identical to that made above for the energy transfer
equation. As a result, we obtain
dΛe
dt
= −
4pi
3
mu
ρ
1
r2
∂
∂r
[
r2
(∫
∞
0
G1ν
dων
ων
−
∫
∞
0
G1ν
dων
ων
)]
. (56)
where G1ν and G1ν are the solutions to the integral equation (51) for
neutrinos and antineutrinos, respectively. Thus, describing the leptonic
charge diffusion does not require solving a new integral equation.
Transformation of the integral equation
If the derivative ∂Ie/∂r as a function of the neutrino energy is known,
then the functions G1ν(ω) and G1ν(ω) , along with the energy and lep-
tonic charge fluxes, can be determined by numerically solving Eq. (51).
Although this straightforward approach is possible, for the reliability of
the numerical calculations and for the physical understanding, it is ap-
propriate to separate out the contributions from the temperature and
chemical potential gradients to these fluxes.
By introducing a new sought-for function F1(ω) ,
G1(ω) = −
ω3
c2h3
1
λm(ω)
F1(ω) (57)
we transform Eq.(51) to
F1(ω) =
∂fe
∂r
+ fe
∫
∞
0
Φ1(ω, ω
′)F1(ω
′)
dω′
f ′e λm(ω′)
, (58)
The derivative of the equilibrium filling factor fe can be represented as
∂fe
∂r
= fe(1− fe)
(
ω
kT 2
∂T
∂r
+
∂ψ
∂r
)
. (59)
Therefore, we will seek a solution to Eq. (58) in the form
F1(ω) = fe
[(
1
kT 2
∂T
∂r
)
gT (ω) +
(
∂ψ
∂r
)
gψ(ω)
]
. (60)
We substitute this expression into Eq. (58), collect the terms containing
∂T/∂r and ∂ψ/∂r, and set them equal to zero separately. As a result, we
obtain the following equations for the functions gT (ω) and gψ(ω):

gT (ω) = ω(1−fe) +
∫
∞
0
Φ1(ω, ω
′) gT (ω
′)
dω′
λm(ω′)
,
gψ(ω) = (1−fe) +
∫
∞
0
Φ1(ω,ω
′) gψ(ω
′)
dω′
λm(ω′)
.
(61)
Thus, we have a pair of separated integral equations with identical ker-
nels, but with different free terms. Generally, these equations have to be
solved numerically for neutrinos and antineutrinos at given temperature
and chemical potential. The method of numerical solution that is used in
our current calculations of gravitational collapse is described in our paper
[12], see Appendix B there.
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The neutrino heat conduction equations
Let us write the system of NHC equations that was first derived ∼ 40
years years ago [4].
dr
dt
= u,
1
ρ
=
4pi
3
∂r3
∂m
, (62)
du
dt
= −4pir2
∂
∂m
(
P + Pν
)
−
Gm
r2
, (63)
d
dt
(
E +
Uν
ρ
)
+
(
P + Pν
) d
dt
(
1
ρ
)
= −4pi
∂
∂m
(
r2Hν
)
, (64)
dΛν
dt
+ 4pimu
∂
∂m
(
r2Fν
)
= 0 , (65)
where m is the mass coordinate, while P and E are the matter pressure
and energy; Pν and Uν are the sums of the equilibrium neutrino and
antineutrino pressures and energy densities defined by Eqs. (27) with ψ
replaced by −ψ for antineutrinos. Here, we use a new notation for the
neutrino pressure, Pν ≡ Ke0 . The equilibrium specific leptonic charge Λν
can be written as
Λν = (Y− − Y+) + (Yν − Yν) , (66)
where Y−, Y+, Yν , and Yν are the equilibrium numbers of electrons,
positrons, neutrinos, and antineutrinos per nucleon (Y = nmu/ρ). We
should use Eq. (28) for Yν and the same formula for Yν with ψ replaced
by −ψ. From the electrical neutrality condition, we have Y−−Y+ = Yp =
1 − Yn, where Yp and Yn are the total specific numbers of protons and
neutrons in the system.
The neutrino energy, Hν , and leptonic change, Fν , fluxes can be
written as
Hν =
4pi
3
∫
∞
0
(G1ν +G1ν )dω = −
4pi
3h3c2
∫
∞
0
(
F1ν
λmν
+
F1ν
λmν
)
ω3dω , (67)
Fν =
4pi
3
∫
∞
0
(G1ν −G1ν)
dω
ω
= −
4pi
3h3c2
∫
∞
0
(
F1ν
λmν
−
F1ν
λmν
)
ω2dω . (68)
Substituting here F1 from Eq. (60), we express the fluxes in terms of the
temperature and chemical potential gradients:
Hν = −
4pi
3h3c2
[
(Aν + Aν)
1
kT 2
∂T
∂r
+ (Bν −Bν)
∂ψν
∂r
]
, (69)
Fν = −
4pi
3h3c2
[
(Cν −Cν)
1
kT 2
∂T
∂r
+ (Dν +Dν)
∂ψν
∂r
]
. (70)
where the derivative ∂ψν/∂r was replaced by −∂ψν/∂r. The kinetic co-
efficients A, B, C and D are specified by the integrals
A =
∫
∞
0
fe
λm
gT ω
3dω , B =
∫
∞
0
fe
λm
gψ ω
3dω ,
C =
∫
∞
0
fe
λm
gT ω
2dω , D =
∫
∞
0
fe
λm
gψ ω
2dω ,
(71)
where the absence of subscripts ν and ν indicates that the expressions are
applicable to both neutrinos and antineutrinos.
Owing to the identity B ≡ C, we have (Bν − Bν) = (Cν − Cν). This
identity is not accidental, but is an expression of the Onsager symmetry
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principle for the kinetic coefficients. Its validity for incoherent neutrino
scattering is ensured by the symmetry property for the scattering kernel
expressed by Eq. (35). In the case of purely coherent scattering and in the
absence of scattering, we have Rnc(ω, ω
′, η) = 0, Φ1(ω,ω
′) = 0 and the
satisfaction of this identity is trivial, since gT = ω (1− fe), gψ = (1− fe).
The validity of the identity for incoherent scattering is proved in paper
[12] (see Appendix A there).
When deriving the system of the NHC equations (62−65), we used
a number of assumptions regarding the neutrino radiation and matter
properties: the smallness of the neutrino mean free path compared to the
characteristic size of the problem, the smallness of the velocities in matter
compared to the speed of light, etc. The conditions that the quantities
appearing in the theory should satisfy follow from these assumptions.
Thus, for example, since the correction δI1 to the equilibrium intensity Ie
in Eq. (19) should be small, we obtain constraints on the leptonic number
and energy fluxes which formally can be written as∣∣∣∣ Fνcnν
∣∣∣∣≪ 1,
∣∣∣∣ HνcUν
∣∣∣∣≪ 1. (72)
In addition, we can obtain conditions for the rates of change in leptonic
change Λν and total specific energy Etot = E +
Uν
ρ
:
〈lν〉
cΛν
∣∣∣∣dΛνdt
∣∣∣∣≪ 1, 〈lν〉cEtot
∣∣∣∣dEtotdt
∣∣∣∣≪ 1, (73)
where 〈lν〉 is the mean free path. Conditions (73) have a simple meaning:
they require that the relative change in the quantities under consideration
be small in the characteristic time of a free neutrino transit τ = 〈lν〉/c.
These inequalities exhaust the applicability conditions for the NHC ap-
proximation.
When using the NHC for calculating the neutrino transport one has to
define domain of its applicability by specifying the values (< 1) for the left
hand sides of the inequalities (72) and (73). The outer boundary of the
domain, determined this way in calculations, is not necessarily coincides
with the neutrinosphere analogous to photosphere for common stars.
Concluding remarks
Remarkably, in the NHC approximation, the scattering effects enter only
via the zeroth and first moments Φ0,1(ω, ω
′) of the expansion of the ker-
nel R(ω,ω′, η) in terms of Legendre polynomials. It was pointed out
previously (see, e.g., papers [10, 11]) that the results of numerical hydro-
dynamic calculations of neutrino transport are insensitive to whether the
next terms in the expansion of the scattering kernel are included. Such
insensitivity indicates that the physical conditions in a collapsing stellar
core are close to those needed for the NHC regime to be established.
Here we disregarded the processes in which both neutrinos and an-
tineutrinos are involved, such as the annihilation of electron–positron
pairs, the neutrino decay of plasmons, the bremsstrahlung of neutrino
pairs, etc. Although the role of these processes is minor during the grav-
itational collapse of stellar cores, their description in the NHC theory is
definitely of interest. The main modification here is related to the fact
that the transport equations (11) for neutrinos and antineutrinos lose
their independence and form a system of two equations with the neutrino
and antineutrino intensities appearing simultaneously on their right-hand
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sides. As a result, when calculating the kinetic coefficients, we would have
to solve not two pairs of separated integral equations (61), but instead two
systems of two coupled equations in each: one for gTν , gTν and the other
for gψν , gψν.
The NHC theory consistently describes fluxes of energy and lepton
charge emerging from the neutrino opaque core. The fluxes are propor-
tional to the gradients of temperature and neutrino chemical potential.
Incoherent neutrino scattering enters the NHC equations through 0-th
and 1-st moments of the Legendre expansion of scattering kernel. Coher-
ent scattering is described by the transport cross-section algorithm.
Realization of the NHC theory in calcula-
tions of gravitational collapses
Rotating stars
Let us consider an axially symmetric rotating star. The 2D-NHC equa-
tions for this case were derived in PhD Thesis [13].
The equations of motion and continuity read

dVr
dt
− Vϕ ω = −
1
ρ
∂
∂r
(
P + Pν
)
−
∂Φ
∂r
,
dVϕ
dt
+ Vr ω = 0 ,
dVz
dt
= −
1
ρ
∂
∂z
(
P + Pν
)
−
∂Φ
∂z
,
(74)
∂ρ
∂t
+
1
r
∂
∂r
(
rρVr
)
+
∂
∂z
(
ρVz
)
= 0 , (75)
where r is cylindrical radius, and the Lagrangian operator
d
dt
=
∂
∂t
+ Vr
∂
∂r
+ Vz
∂
∂z
.
In this section ω = ω(r, z) is the angular velocity of rotation and Φ is the
gravitational potential that is described by Poisson’s equation
∆Φ ≡
∂
∂r
(
r
∂Φ
∂r
)
+
∂2Φ
∂z2
= −4piGρ . (76)
The equations of energy and of leptonic charge conservation are given
by
d
dt
(
E+
Uν
ρ
)
+
(
P+Pν
) d
dt
(
1
ρ
)
= −
1
ρ
[
1
r
∂
∂r
(
rHνr
)
+
∂Hνz
∂z
]
. (77)
dΛν
dt
= −
mu
ρ
[
1
r
∂
∂r
(
rFνr
)
+
∂Fνz
∂z
]
. (78)
The leptonic charge Λν is given by Eq. (54). In Eqs. (74) and (77) Pν
and Uν are total equilibrium pressure and energy density of neutrino and
antineutrino. The fluxes of energy Hνr, Hνz and of leptonic charge Fνr,
Fνz in Eqs. (77) and (78) are given by
Hνr = −
4pi
3h3c2
[
(Aν + Aν)
1
kT 2
∂T
∂r
+ (Bν −Bν)
∂ψν
∂r
]
, (79)
Hνz = −
4pi
3h3c2
[
(Aν +Aν)
1
kT 2
∂T
∂z
+ (Bν −Bν)
∂ψν
∂z
]
, (80)
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Fνr = −
4pi
3h3c2
[
(Cν − Cν)
1
kT 2
∂T
∂r
+ (Dν +Dν)
∂ψν
∂r
]
, (81)
Fνz = −
4pi
3h3c2
[
(Cν − Cν)
1
kT 2
∂T
∂z
+ (Dν +Dν)
∂ψν
∂z
]
. (82)
We see that in case of 2D symmetry the kinetic coefficients A, D and
B ≡ C are determined exactly as in the case of spherical symmetry given
by Eqs. (71). It is clear that this should be true also in the 3D case.
Examples of the NHC calculations
For the first time the NHC approach to gravitational collapse was used in
1978 [14]. Figure 1 shows the resulting neutrino light curve Lνtot(t) of all
the neutrino and antineutrino flavors.
Figure 1. The normalized neutrino light curve lν(t) = Lνtot/Eνtot and integrated
energy of the neutrino flux Eνtot(t) =
∫
t
0
lν dt, Eνtot(∞) = 1. Eνtot is
the total energy emitted by neutrinos of all the flavors. Adapted from
paper [14].
The calculations were performed for a 1.82M⊙ iron core surrounded
with a 0.18M⊙ oxygen envelope.
Full energy carried away by neutrinos Eνtot =
∫
∞
0
Lνtot(t)dt turned
out to be 5.3×1053 erg. During the first ∼ 100ms of the collapse, Lνtot(t)
is building up mostly by the electron neutrino from neutronization of
stellar matter. However, later on when the neutrino flux comes from
neutrinosphere, an approximate equidistribution over the neutrino flavors
set in.
The electron antineutrino spectrum was estimated to be the Fermi–
Dirac distribution with zero chemical potential and temperature ∼ 4MeV,
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the corresponding mean energy of emitted electron antineutrino 〈Eν¯e〉
being ∼ 12MeV. Such individual ν¯e energy and predicted long time (10–
20) s of the neutrino light curve decay were confirmed by the underground
neutrino detectors which observed the the neutrino signal from supernova
1987A in the Large Magellanic Cloud [15, 16].
Detailed study of spherically symmetrical gravitational collapse was
undertaken in PhD Thesis [13]. The NHC was used in central neutrino-
opaque region of contracting stellar core. The radius of outer boundary
of the region was repeatedly recalculated in accordance with inequalities
(72, 73) to ensure a smooth coupling with outermost semi-transparent
for neutrino envelope. There the neutrino transfer equation (11) was
calculated by using a special finite difference scheme (in space and angle
coordinates) that in the limit of large neutrino “optical” depth gives the
neutrino fluxes exactly the same as predicted by the NHC.
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Figure 2. Gravitational collapse of a 2M⊙ iron core: the dimensionless masses
(m/2M⊙) enclosed within the position of maximum velocity of in-
falling matter (red dots) and of outer NHC boundary (black dots)
versus time measured from the moment of bounce (t = 0).
Figure 2 shows how the mass coordinate of maximum velocity of in-
falling matter and that of the position of outer boundary of the NHC do-
main vary with time during the first milliseconds before and after bounce.
At the bounce the shock wave first appears and the maximum velocity
of infalling matter coincides with the outer edge of the shock front. The
NHC first appears at about -1ms before bounce. However, in 2ms at
(t ≈ 1ms) it comprises already about a half of the total mass and controls
major part of total neutrino energy and leptonic charge fluxes.
The neutrino transport above the NHC black-dot-line is calculated
by using aforementioned difference scheme. The left and right panels of
Fig. 2 depict two versions of calculations which have some differences in
equation of state (ideal gas or with coulomb interaction allowed for) and
in the rigidity adopted for inequalities (72) which define the NHC outer
boundary. One can observe that after bounce (t > 0) the position of
accreting shock wave is practically unaffected by such details.
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Figure 3. Composition under conditions of nuclear statistical equilibrium ver-
sus dimensionless mass coordinate at different times for calculations
shown in Fig. 2.
Figure 3 shows composition in terms of Yi = muni/ρ where ni is the
number of nuclides per unit volume with i = n, p, 4He,. . . , 86Kr — in total
137 stable and unstable most representative isotopes of the iron peak ele-
ments [17]. At t = −2.5ms (top left panel), central core of a mass ≈1M⊙
becomes strongly neutronized. The shock wave first appears at bounce
at m≈ 0.35 (0.7M⊙, top right panel) and begins steadily to dissociate
heavy nuclides mostly into n, p, and 4He thereby creating a growing n-p-
4He shell that in 10ms contains already about 0.9M⊙ (bottom panels).
Equation of state for nuclear statistical equi-
librium
At temperatures T9 & 4 the thermonuclear reactions turn out to be so fast
that they can establish the state of nuclear statistical equilibrium (NSE).
The most effective in launching such a process are the direct and inverse
(γ,p), (γ,n), (n,p), and (γ, α) reactions. As a result, the NSE abundances
nA,Z of all the nuclides (A,Z) depend on only three external parameters:
temperature T , density ρ and a ratio θ of total number neutrons Nn (free
and bounded in nuclei) to that of protons Np:
θ =
Nn
Np
=
nn +
∑
Z>1,A>2(A− Z)nA,Z
np +
∑
Z>1,A>2 ZnA,Z
, (83)
where nn and np are the number densities of free neutrons and protons,
respectively. Using the definition of density
ρ = mu (Nn +Np) (84)
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and taking into account equations of statistical equilibrium connecting
nA,Z with nn and np (see paper [17] and references therein) one can cal-
culate all thermodynamical quantities of nuclear component, such as pres-
sure Pnuc, specific energy Enuc, and entropy Snuc. After addition of same
quantities for the black body radiation and electron-positron components
(see paper [18]) we obtain three parametric equation of state (EOS) ap-
propriate for calculating the gravitational collapse of stellar cores:
P = P (T, ρ, θ), E = E(T, ρ, θ), S = S(T, ρ, θ) . (85)
In 1946 F. Hoyle first showed [19] that a decomposition of matter
under the conditions of NSE can lead to the collapse of the central stellar
core. The most important EOS property is the adiabatic index γ. Its
critical value 4/3 serves as the boundary between hydrostatically stable
stellar cores (〈γ〉 > 4/3) and unstable ones (〈γ〉 < 4/3), 〈γ〉 being properly
averaged γ over the hydrostatic structure of a core.
γ =
(
∂ logP
∂ log ρ
)
S,θ
. (86)
Figures 4 and 5 show the lines of constant γ on the T − ρ plane for
θ = 1 and 30/26, respectively. At low and high densities, γ becomes
less than 4/3 due to the appearance of electron–positron pairs and the
dissociation of nuclides into α particles and free nucleons, respectively.
For θ = 1, the ravine of instability γ < 4/3 is a singly connected
domain: one of the above effects smoothly replaces the other. However,
for θ = 30/26, a narrow neck that separates the instability ravine into
two parts arises at 3 . T9 . 4. Height of the neck is however small
(γ − 4/3 ≈ 0.002).
This happens because the most abundant nuclides at such tempera-
tures are 56Ni for θ = 1 and 56Fe for θ = 30/26; the binding energy of the
latter nuclide is higher by 8.4 MeV. As a result, the 56Fe dissociation begins
at a higher temperature than does the 56Ni one, when electron–positron
pairs contribute to lowering γ not so strongly. At θ that are appreciably
larger than 30/26≈1.154, for instance such as 1.5, the instability ravine
again becomes singly connected domain. The reason is the same: the
most abundant nuclides have lower binding energies than that for 56Fe.
Each figure is a superposition of two sets of lines of constant γ calcu-
lated with (solid lines) and without (dashed lines) nuclear excited states
as discussed in paper [17]. At low densities (ρ . 109 g cm−3), both sets
of lines virtually merge together, suggesting that γ is weakly sensitive to
the nuclide excitation parameters. However, at densities ρ & 1010 g cm−3,
the excitation of nuclides causes mainly a reduction in γ, which is ac-
companied by an expansion of the instability ravine. The boundaries of
this region are marked by the heavy solid and dashed lines on which γ is
exactly equal to 4/3.
A characteristic feature of the function γ(T, ρ, θ) is the existence of two
deep minima that are clearly seen in Figs. 4 and 5. The left minimum
results from the dissociation of nuclides into α particles and free nucleons
in the presence of electron–positron pairs, while the right one arises from
the dissociation of α particles into free nucleons. In case of 56Fe dominated
NSE matter (Fig. 5) the minima are γmin = 0.94 (left) and γmin = 1.04
(right).
It is worth to mention that the NSE EOS obtained in paper [20] re-
sulted in the γmin values 0.98 and 1.06, close to that shown in Fig. 5.
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Figure 4. Lines of constant adiabatic index γ for θ = 1 (Adapted from paper
[17]).
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Figure 5. Same as in Fig. 4 but for θ = 30/26.
It is the NSE EOS that was used in calculations of stellar core collapse
resulting in the neutrino light curve shown in Fig. 1 above. These au-
thors assumed the set of iron-group elements to be represented by one
isotope, 56Fe, with only 7 excited states. In addition, a thermodynamic
equilibrium of the β-processes with a zero neutrino chemical potential was
assumed, which allowed to exclude θ as the third independent variable.
Another approach to the problem was implemented in paper [21] in which
the kinetic equilibrium approximation for the β-processes to determine θ
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as a function of the temperature and density was used.
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Figure 6. Track of a collapsing stellar core [13] superimposed on lines of constant
adiabatic index γ for θ = 30/26.
Figure 6 shows an example of calculation of stellar collapse with the
NSE EOS described above. Blue solid curve depicts hydrostatic temperature-
density structure of stellar core just at the moment of loss of hydrostatic
stability. The solid line marked by black dots shows temporal evolution of
the collapsing core center. The digits in squares nearby the dots are cur-
rent number of line in the inset table listing times left to the bounce and
central values of θ that varies in time due to the process of neutronization.
The collapse starts at time 4.58 s before bounce when central temperature
and density are about 7×109K and 3×108 g cm−3.
The ideal gas approximation used in the NSE EOS above should be
examined for nonideal effects, especially for the Coulomb and excluded
volume interactions (see papers [22, 23] and references therein).
The Coulomb interaction between numerous nuclides in a multi-component
plasma, such as shown in Fig. 3 requires a detailed discussion [22]. The
most significant contribution to the NSE EOS comes from the ion–ion
correlation interaction. The typical values of the dimensionless interac-
tion parameter Γ (which is equal in order of magnitude to the ratio of
the mean energy of the interaction between two ions to their mean kinetic
energy) lie within the range 1–20 during the collapse.
Figure 7 shows the result of calculations with taking into account the
ion–ion Coulomb interaction in the linear mixing model [22] which are in-
dicated by solid lines. The dashed lines indicate the results of calculations
without Coulomb interaction. The critical value of γ = 4/3 is indicated
by heavy red lines. One can see that the Coulomb interaction makes the
instability ravine wider and deeper. However, this effect becomes notice-
able only at high densities ρ & 1011g cm−3 and practically it does not
change the after-bounce trajectory of accreting shock wave shown in Fig.
2.
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Figure 7.
Phase transitions in dense matter
In recent years, substantial progress has been achieved in solving the prob-
lem of supernova outburst triggered by a spherically symmetric collapse
of stellar core. This problem has remained unsolved for several decades.
However, the presence of initially strong magnetic field and (or) rotation
seems to be sufficient to explain the supernova outburst, as, for example,
in the magneto-rotational model of a supernova explosion (see paper [24]
and references therein) and in the model of rotational fragmentation of
the collapsing core of a massive star (without any magnetic field) into a
close pair of neutron stars (see paper [25] and references therein).
First, it has been shown (see, e.g., papers [26, 27, 28] and references
therein) that the front of the quasi-steady-state accretion shock separat-
ing the collapsed stellar core from the stellar shell may become unstable
against three-dimensional perturbations, whose growth gives rise to large-
scale circulation mass flows. As a result, an input of additional thermal
energy to the accretion shock could help to transform it into a diverging
blast wave capable finally to eject the supernova envelope.
Second, when the central density of the collapsing core becomes com-
parable or exceeds the nuclear one, the phase transition from separate
nuclei to nuclear matter or from nuclear matter to quark one can oc-
cur. In this case, at a sufficiently large density jump on the interface
between the two phases, the stellar core loses its stability and undergoes
additional contraction in the hydrodynamic regime, forming a new shock
during its subsequent deceleration. This shock propagates outward and,
merging with the accretion shock, transforms it into a diverging shock
that triggers a supernova outburst (see papers [29, 30, 31, 32] and refer-
ences therein). It was shown [29, 30] that an additional narrow electron
antineutrino peak appears in the neutrino light curve as a specific signa-
ture of the phase transition to quark matter. For a Galactic core-collapse
supernova, such a peak could be resolvable by the present neutrino de-
tectors. At present, there is extensive literature on phase transitions in
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nuclear and, particularly, quark matter. The physical properties of nu-
clear and quark matter and their influence on the structure and thermal
evolution of super dense stars are described in detail in the monograph
[33].
Conclusion
The bulk of energy, that neutrino takes away from collapsing stellar core,
is radiated under the conditions of nuclear statistical equilibrium (NSE)
in the neutrino-opaque regime. In this case, the neutrino heat conduction
theory (NHC) is the best tool for modeling the neutrino hydrodynamic
processes. Contrary to the frequently used approach based on the direct
numerical solution of the neutrino transfer equation in a comoving frame,
the NHC allows to detach the most CP-time consuming calculations of lo-
cal functions (the NSE matter equation of state and 3 kinetic coefficients
Aν , Bν , Cν in equations of diffusion of the neutrino energy and leptonic
charge) from the difference scheme elaborating partial derivatives. The
local functions depend only on three arguments (ρ, T, θ). One can com-
pile in advance (only once!) detailed 3-entry tables for the free energy
F (ρ, T, θ) and coefficients Aν , Bν , Cν and then use them to solve different
neutrino hydrodynamic problem. Of course, the tables should be supple-
mented with an algorithm of interpolation. Special attention should be
devoted to interpolation of the free energy F as a thermodynamic poten-
tial generating pressure, specific energy, and entropy. The interpolation
algorithm should not violate the continuity of F and its first and second
partial derivatives by (ρ, T, θ). The most appropriate for this requirement
is the algorithm of local splines [34] that was successfully tested in Thesis
[13]. The gravitational collapse of stellar cores has a remarkable property.
Different shells of the stellar core as being involved into the collapse fol-
low the trajectories in space (ρ, T, θ) close to that shown in Fig. 6 for the
stellar center. Thus, all stelar matter falls onto the center moving along
rather a narrow “tube” in (ρ, T, θ) space. This allows to work with tables
of a moderate size.
We showed that such physical constituents of the NSE equation of state
as nuclear excited states and coulomb and excluded volume interactions
are of a minor influence on hydrodynamics of the collapse. However, they
modify the composition of NSE matter and thereby can change the rates
of the neutrino-nuclear interactions which enter the kinetic coefficients
Aν , Bν , Cν . This effect needs further detailed investigation.
The phase transitions possible in dense nuclear matter seem to be
of great importance for solving the long standing problem of supernova
outburst in case of spherically symmetrical stars without rotation and
magnetic fields.
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